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ABSTRACT ' N 6 8 - 2 9 1 7 7  - 
An algori thm i s  presented  which permits  automatic  computation of 

t r a n s f e r  func t ions  given a Mason s i g n a l  floirgraph d e s c r i p t i o n  of a 
system. 
t h e  nu re ra to r  and denoninator tcrms of Mason's ga in  formula a r e  c a l c u l a t e d  
from t h e  non-oriented incidence matrix A and t h e  fundamental c i r c u i t  
mat r ix  

S p e c i f i c a l i y ,  t h e  path s e t s  and loop  s e t s  corresponding t o  

Bf of  t h e  flowgraph. m .  

F i r s t  o rder  loops of t h e  flowgraph can be  found by perfGn;:?& row 
sum opera t ions  on t h e  rows of 

rows i n  which a l l  non-zero elements have t h e  same s ign .  
loop mat r ix  

Rmf and r e t a i n i n g  only t h e  non-redundant 

The fi. -,t-order 
and t h e  loop LaJacency Lk 

matrix dpik a r e  def ined.  It i s  r e l a t e d  t h a t  d" 
t h e  kth-order loop matrix L1 

through t h e  equat ion x i  = Lk . 5 where 5 = 

opera t ions  be ing  performed i n  Boolean a1ge"ora. 
m 

From %he foregoing r e l a t i o n s h i p s  mat r icez  L1' L2, ...) L which n '  
r ep resen t  loop s e t s  corresponding t o  a l l  denominator terms of  Mason's 
ga in  f o r m l a ,  can b e  sys t ema t i ca l ly  generated.  
t h e  nurerator  expressior,  can b e  found by applying t h e  same procedure t o  
a modified flowgraph. 
employec s ince  it develops t h a t  t he  procedure f o r  c a l c u l a t i n g  t h e  
numeratoi- terns  from it automat ica l ly  provides  t h e  denominator t e r m  
as wel l .  

Terms corresponding t o  

I n  t h e  algori thm only t h e  modified florrgraph i.s 

I n  t h e  summary, t h e  problem i s  obta ined ,  b a s i c  d e f i n i t i o n s  and t h e  
F i n a l l y ,  algorithm a r e  s t a t e d ,  and an exaunple of i t s  use i s  presented.  

t h e  e f f i c i c n c y  of t h e  a lgor i thm in  terms of a r i t h m e t i c  and memory 
reqiiii-i.iiicnis for d i g i c a l  computation i s  d iscussed .  

0 __I-. --- *. 
L 
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SWARY , 

IXTRODUCTION 
. .  

Nason' s flowgraph t e c  nique [11[21 as app l i ed  t o  t h e  d e r i v a t i o n  01 

of t h e  flowgraph f o r  s o l u t i o n s .  T h i s  paper p re sen t s  an a lgor i thm whicl 
enables  use  of t h i s  technique by d i g i t a l  cornputer. 

system t r a n s f e r  func t ions ,  !A I has in  t h e  p a s t  depended upon inspec t ion  

Given t h e  flowgraph d-escr ipt ion of a system, t h e  technique provides  
I 1  3 an o v e r a l l  ga in  G where, 

k "kAk 
A 

G = - -  
Q 

Gk = g a i n ' o f  t h e  kth d i s t i n c t  forward pa th  from source t o  s i n k ;  
. .  

-I. ...+ (-1) 3 ; Plnj ; i pm2 - m Pm3 . + i pill b = 1 -  

l oop  
* 

= gain  (product of a l l  t h e  branch ga ins  around a loop)  ; 
plnl 

= product of  t h e  loop ga ins  of  t h e  mth s e t  of two non-touching 
loops ; %I2 

= product of t h e  loop  ga ins  o f  t h e  rnth s e t  of j non-touching loops ;  

A k  = t h e  va lue  of A f o r  t h a t  part; of t h e  graph rid: touching 
t h e  kth forward path.  

Since t h e  c i i c u l a t i o n  of t h e  lobp- and path-gain8 i s  stra!.ghtforward 
, . once t h e  l oops  and p a t h s ' a r e  i d e n t i f i e d  (as edge . s e t s ) ,  t h e  paper  i s  

conccrnecl p r i n c i p a l l y  with t h e  topo log ica l  aspec t  of so lv ing  t h e  flowgraph 
ga in ,  t h a t  i s ,  f ind ing  t h e  loops  and pa ths  themselves.  

ir 
use Of terms '"10c)p" and "path" implies. t h a t  bo th  a r c  u n i d i r e c t i o n a l .  

+ This  work was supported in p a r t  by t h e  Nat ional  Acronmt ics  and'Space 
Ahiraistrat ion ,  G r a n t  No. NGR-05-017-012. 
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2. D i P I K I T i O N S  

r e  

It i s  assumed t h a t  D. flowgraph I' i s  given of  e edges ( i . e .  branches)  
1 .  and v v e r t i c e s  ( i . e .  nodes o r  "var iab les") .  

. .  
Def in i t i on  1. A kth-order loop  s e t  i s  c s e t  of k non-touching loops .  
Each loop wi th in  t h e  s e t  i s  a kth-order loop 

Def in i t i on  2. The loop matr ix  L1 of r has e columns each corresponding 

t o  a d i s t i n c t  edge i n  I' and rows each corresponding t o  a d i s t i n c t  loop i n  r ;  
t h e  ( i  ,,j )-element of L1 ' is  a "1" i f  t h e  ith loop  inc ludes  t h e  jth edge and 
is "0" otherwise 

Def in i t i on  3. -A kth-order ' loop matr ix  L of I' has e columns each 

corresponding t o  a d i s t i n c t  edge i n  r and rows each corresponding t o  a k - 
order loop s e t  i n  I' ; t h e  ( i , j ) - e l emen t  of L i s  a "1" i f  t h e  ith loop  

s e t  inc ludes  t h e  Jth edge and i s  ' '0".  otherwise .  

Def in i t i on  4. The kth loop  adjacency mat r ix  2 
which corresponds t o  a kth-order loop s e t  of I' 
corresponds t o  a f i r s t - o r d e r  loop of  I' . The ( i , j ) - e l emen t  of  d k  i s  "1" . 
when t h e  ith loop set  of order  

* I 1  I 1  

t h  k 

k 

is a mat r ix  each row of  

and each column of which 
k -- 

k touches t h e  jth f i r s t - o r d e r  loop  and i s  
0 otherwise.  

-..c non-oriented inc idence  matrix A of  I' has rows [ 4 1  , Def in i t i on  5 .  
corresponding 'io t h e  v e r t i c e s  of r and colmms corresponding t o  t h e  
edges of  I' . The ( i , j ) -e lement  of An i s  "1" i f  t h e  j t h  edge i s  i n c i d e n t  

t o  ( i . e .  "touches1')  i n  t h e  ith ver tex  and is  "0".  otherwise.  

D e f i n i t i o n  6 141 

corresponding t o  t h e  edges of I' . The o r i e n t a t i o n  of  each f - c i r c u i t  i s  
chosen i n  t h e  clockwise sense.  The ( i , j ) - e l e m e n t  i s  "+b" i f  edge j i s  i n  
f - c i r c u i t  
f - c i r c u i t  b u t  i n  t h e  oppos i te  d i r e c t i o n ,  and i s  "0" otherwise.  

m 

The o r i e n t e d  f - c i r c u i t  mat r ix  Bmf of  I' has  rows 

and co!.umns .' corresponding t o  t h e  fundamental (f-)  c i r c u i t s  of  

i and i n  t h e  same d i r e c t i o n  a s  t h e  c i r c u i t ;  i s  "-1" i f  i n  t h e  ith 

3. ALGORITHX FOR F I N D I N G  THE LOOPS AAD PATIIS  I N  THE MASON S I G N A L  FLOWGRAPH 

153 The fol lowing Theore i  and Lemma whicti are s t a t e d  without proof 
comprise t h e  a lgor i thm of t h i s  paper. 

T!-IxnRE4. Given 3. ~ c n n e c t . ~ d  !(11_1scr: flccrgyaph G ~f p edges a-nci v 
m - 

v e r t i c e s ,  t h e  loop and path' sets corresponding t o  Mason's gain formula 
for  t h e  g a i n '  Gi+J from v e r t e x '  i to ver tex  j can be determined through 

a p p l i c a t i o n  of t h e  fol lowing s t e p s :  , 



. .  . .  , -  . .  
I. 

- -  

Step 1 - Form tlie graph G I  by addinCr, t o  Gm t h e  edge e '  (of u n i t y  

Step 2 - Write t h e  non-oriented inc idence  mat r ix  A and t h e  o r i e n t e d  

m 
g a i n )  d i r e c t e d  from v e r t e x  j t o  v e r t e x  i . 

m 
f - c i r c u i t  matrix B f o r  t h e  graph G '  . 

mf' m 
S tep  3 - Form L1 us ing  t h e  s t e p s  o a t l i n e d  i n  t h e  Lemma (be lov ) .  . 

Step  5 - 
Step  4 - Form t h e  (Boolean) pr0duct.E = Am T Am L1 T . 

S t a r t i n g  w i t h  k = 1, c a l c u l a t e  t h e  (Boolean) product . .  

Lk ani where 2 = 0 add t h e  ith row of 

1 
'ij ' i J  

EYaluatc all 

t o  t h e  J th  row of and l e t  t h e  sum form a row of a new matrix 

Li+l  . Hemove all redundant rows of L '  and l e t  t h e  remaining k+l 
rows form 

c a l c u l a t e d  which conta ins  no "0" elements.  

L 

. Continue t h i g  process  u n t i l  a matrix d i s  n 4+1 
. 

Step  6 - L i s t  ( o r  s t o r e )  matr ices  L1,L2, ... *Ln found i n  s t e p  5 .  For each 

row of each mat r ix  examine t h e  column rep resen t ing  e '  
element va lue  i s  "l", t h e  o t h e r  "1" elements i n  t h e  corresponding 
row denote  a pa th  and loop s e t  for  t h e  numerator te rm of Mason's 
ga in  formula f d r  G . i f  t h e  element va lue  i s  "O", t h e  "1" 
eiement va lues  i n  t h e  corresponding row denote  8, loop s e t  i n  
t h e  denominator term of t h e  ga in  formula. 
a l l  rows' (of  a l l  ma t r i ces )  provide a l l  t h e  numerator and 
denominator t e r m s .  

. If t h e  

m 

Such examination of  

LWJJA. L i s  ob ta inab le  from B through a p p l i c a t i o n  of t h e  fo l lowing  s t e p s :  
1 .  mf - 

Step  1 - Sys tema t i ca l ly  perform a l l  poss ib l e  row-sums on rows of B m f  
r e t a i n i n g  only  those  sums conta in ing  e i t h e r  a l l  "+1"s or  all "-1"s. 
Let  t h e s e  form rows of a new matrix L; * ,/' 

Step  2 - Remove s i g n s  p re f ix ing  elements i n  L i  thereby  forming Llll . 
1 '  Step  3 - Remove redundant and edge d i s j o i n t  rows of Lll' thereby  forming L 

A row-sum of two rows r and r of Bmf i s  t h e  sum of + r and r such t h a t  2 
Thus it i s  

1 2 - 1  
t h e  r e su l t t i n t  row con ta ins  e n t r i e s  t h a t  a r e  "+1", "-1" o r  " 0 " .  
sometimes necessary t o  mul t ip ly  a row of B_, by -1 befo re  a d d i n i  it t o  

i i i i  

another  row t o  form t h e  row-&m, s ince  e n t r i e s  with va lue  "2" are not  
permiss ib le .  
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The fol lowing exanplc serves  t o  i l l u s t r a t e  t h e  algori thm. 

Example: Given G . as sho-dn i n  F ig .  1. We wish t o  f i n d  terms f o r  G1+3 . m 

* Sten 1 - Add e '  t o  fqrm' G' . (F ig .  2) m - 
. -  Step  2 - Form A and B * m mf 

1 2 3 4  5 6 7 8 ~ '  
1 1 0 0 0 0 0 0 1 1  
.2 1 1 1 1 0 0 0 0 0  

A = 3  0110001:: 
4 0 0 0 1 1 1 0 0 0  
5 0 0 0 0 1 1 1 0 0  

1 . .  
1 Bmf - 

1 
1 m 

Step  3 - Form L1 (Lemma) 

1 2  3 4 5 6 7 8 .e '  
0 + 1 + 1  0 0 0 0 0 0 

0 0 -1 +l '-1 0 4-1 0 0 
0 0 0 0+1+1 0 0 0 

+1 0 +1 0 0 0 0 0 +11 

- 3 ii 0- i - i  0 9 0 0-1 

1 2  3 4 5 6 7 8 e' 

0 1 1 0 0 0 0 0 0  

1 0 1 0 0 0 0 0 1  

Step  4 - Form 
T T 

. S=A m m  . A  'L1 
(Boolean ) 

Step  5 - For k = 1 c a l c u l a t e  X and L2 : ,  
1 2  3 4 ' 5  6 I 1 '  

1 1  0 1 1  0 0 0 

0 1 0  1 1  0 0 0 

0 0 0 1 1  0 1 1  

0 0 1 0 1 1  

R 1 . 1  1 1  1 1  

1 1  a q l l O 1 l l  

5 
k6 1 1  1 1  1 1  

2 =L * c = .  

For k=2 1 1 1 1 1 1  

1 1 1 1 1 1  
[l 1 1 1 1 I] For k=2 1 1 1 1 1 1  

1 1 1 1 1 1  
[l 1 1 1 1 I] 

The process te rmina tes  s ince  d has no "0" e n t r i e s .  2 

Loop s e t s  (ob ta ined  f r o n  t h e  rovs i n  t h e  above m a t r i c e s )  f o r  t h e  denominator 
and nufierator terms i n  Xason's gain expression G a r e  shpwn i n  F igs .  4 and 

Tne render  can v e r i f y  t h a t  t h e s e  are a l l  t h e  loops s e t s  for 
t ne  -Graph. 

1+3 
. 5 r e s p e c t i v e l y .  



The algori thm given by t h e  Theorem and t h e  Lemma provides  a machine 
prograninable means f o r  determining t h e  pa ths  and loop  sets  t h a t  a r e  
necessary t o  implement Xason's gajn formula. 
t h a t  t h e  numerical and/or syabol ic  expressions of t h e  ga in  formula can be 
obtained a t  once from rriati*,ices L L 
gain values  f o r  t h e  flowgraph. 1' 2 ,  n 

The r eade r  can e a s i l y  v e r i f y  

. . , ,L and a l i s t i n g  of t h e  branch 

I n  t e r n s  of computer a r i t hme t i c  and memory requirements t h e  a lgor i thm 
i s  very e f f ic ien t ; :  

opcra t ions  a r e  i n  b ina ry  a r i t h n e t i c  (as con t r a s t ed  t o  symbolic methods 
eriqolying Boolean a lgeb ra )  ; ( 2  ) s torage  requirements  are minimal. For 
example , Bf can b e  e l imina ted  a f t e r  forming- 

a f t e r  forming 5 a Simi la r ly ,  each Ors can be eliminzteci z f tc r  f ~ m i ~ g  

Consequently, cons ider ing  L L ..., L as be ing  t h e  s o l u t i o n ,  working 

k *  n;enory i s  convenient ly  confined t o  

(1) exce?t fo r  t h e  formation of  L a11 a r i t h m e t i c  1 

- A can be  e l imina ted  L1 ' m 
Lk+l k 

1' 29 n 
5 and t h e  c u r r e n t  va lue  of 
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